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Abstract operator regularization, together with the background field method, is used to 
calculate the onelwp renormalization cnmmt of Chem-Simons field theory. The result shows 
the existence of the famous k shift, i.e. k k f sgn(k)Cv. 

In this paper, we adopt operator regularization with the background field method to calculate 
oneloop renormalization of perturbative Chem-Simons field theory, which preserves the 
explicit quantum gauge symmetry [l,  21. As we all how, thii problem has been paid much 
attention for years [3-131. The results seem to depend on regularization schemes, some 
of them show the existence of the k shift, i.e. k + k + sgn(k)Cv [3-9,131, and others 
do not [1&13]. One conjecture is that the result depends on the gauge invariance of the 
regularization. Our result shows the existence of the k shift in operator regularization. 

The non-Abelian classical ChemSimons action is 

:[AI=- T r ( d A d d + $ d n d A d )  
4 x  

where d = d;/T“dx”, Tu are representation matrices of SU(N) generators. The 
normalization we take is Tr(TaTb) = isob. The parameter k must be an integer in order to 
make the quantum theory gauge invariant. Making the replacement 

gz = 4i~/lkl d + g d  (2) 

&[d] = sgn(k) 

we can express the classical action as 

Tr(d A d d  + S g d  A d A d ) .  (3) 

As is done in the background field method [2], we write d as d(x)  = A(n) + Q(x), 
where A(x) is the background field, i.e. satisfies 6S[A]/6A = 0, and Q(x) is the 
quantum field. Choosing the covariant background gauge condition Dflab[A]Q; = 0, 
DEb[A] = aPPb + gpcbA;, and using the standard Faddeev-Popov technique, one finds 
the generating functional of Green functions 

Z[A] = DQDcDE expi &[A + Q] - (dx) Z.;S(D”[A]Q’“(X))~ 

s 

1 s I J 
- s ( d x ) E a ( ~ ) ~ ~ [ A 1 D e C b [ A +  QlcbC4). 
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The one-loop quantum generating functional is 
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&[A] = J’DQDc’DC expiS,[A]expi 

+ &&‘“pf“6”A~] + 
det(DJ’°CIAID;b[A]) 

det1’z{sgn(k)[-€P”a,60b + gcfi”pfobcA~l + (I/~)DJ’a‘[AID”cb[Al} ‘ 
= expiS,[A] 

(5) 

As in [l], we adopt operator regularization to evaluate the determinants. For an elliptic 
operator H = Ho + HI, we have that 

det(H) = expTrln(H) = dt ts-’ exp(-Ht) 

where HO is defined to be the part of H independent of the background field A and HI 
is a polynomial of the A field. From (6) and (7), one can see that HO must be an elliptic 
operator in order to ensure convergence of the t integrals. Furthermore, we observe that, for 
Chem-Simons field theory, choosing m = 1 is sufficient to make the integral w convergent. 

From (5). it is easy to see that the HO part of the ghost determinant operator is obviously 
positivedefinite after a Wick rotation. The operator in the denominator is also well behaved. 
For the sake of calculational convenience, we take det H = [der H2I1/’. Thus (5) may be 
expressed as 

ZIIA] = expiS,[A] exp hm - -G(s) - lim - -- [io [ d“, I s-0 [ :ddr4J 
where 
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When we calculate the two-point function, we only need to consider GAA(S) and BAA@), 
i.e. the terms quadratic in A~fields in the expansion of G(s) and B(s). Let us first see the 
contribution from the ghost part 

Introducing a complete oahononnal set Ip), the eigenstates of the operator pp. and making 
use of the following relations in three dimensions 

(plA(x)lq) = A(p - q)e-L'P-q) d3x A(x)e-'X(P-9) 

we find that 

x (-t)e-P2'A:(p - q)AUb(q - p) 

(12) 
1 1 

du e-[('-')p'Cuq*lr(pp + q,)(p, + q,)A'(p - q)AYb(q - p) 

c 
+fl 

where Cv is the quadratic Casimir operator in the adjoint representation of the gauge group. 
Shifting the integration variable p + p+q, we can show that the first term in (12) vanishes, 
so that 

x ( P ~  + MP. + ~ . ) A ~ Y P ) A ~ ~ ( - P ) .  (13) 

Changing the integration variable q + q + (1 - u)p and using 
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where we have used the properties of the projection operator and Feynman integral 
parametrization 

e - ( ~ 2 6 w - ~ n P J 1  = a e-(ll"P,P. = e-l/d-P'tL!&. (,.-y) P 2  



,. 
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From (8), (15) and (IQ, we know that the one-loop quantum correction to the two-point 
function of the background fields is 

x 1 d3p A ~ ( p ) ~ ' b @ 2 ) - ' i z ~ ~ W p p A ~ ( - p ) ]  

d3p A~(p)S'bd"pp,A~(-p) 

= i s g n ( k ) s g 2 j  4n d3x f&"'PA",~)8,A;(~) 

= i- sgn(k) Tr(A A dA) (18) cvg2 4n s 
where we have taken r(as)l,,o 
wavefunction renormalization constant is 

l/as and r'(s)[$,o = -l/s2. Therefore the one-loop 

cv Z * = l + -  
4nnZ' - 

The quantum correction to the three-point function of the background fields can be 
obtained d d y  with the aid of the explicit gauge symmetry in the background field method. 
This means that 

(20) z - z -112 
.e- A 

so the one-loop quantum corrected three-point function is 

~A'"(p)Aub(q)ApC[-(~ + ~ ) l ~ b c + p  

d3x ~gf4bc~,,A""(p)A"b(q)APel_(p +q)l  

= i 1 + 2 g 2  sgn(k) Tr$A A A A A. 
( 4 n )  s 

From (5), (18) and (21), we have that, up to one loop 

Tr(A A dA + $gA A A A A) . (22) 1 
Considering the classical action (3) and the scale replacement (Z), we find that 

ZIIA] =expi[(++$)sgn(k)/Tr(AAdA+ f g A A A h  A)] 

and hence the one-loop effective action 

r i [A l=  +sgn(k)Cv j T r ( A  A dA + $A A A A A). (24) 4n 
In summary, we have used the background field method and operator regularization to 

calculate the one-loop renormalization of Chem-Simons field theory, and find the theory is 
finite at one loop, and that the quantum correction only appears in the shift of the coupling 
constant k + k t sgn(k)Cv. 
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